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Abstract 

A general paradigm for describing classical (and semiclassical) gravity 
is presented. This approach brings to the centre-stage a holographic rela- 
tionship between the bulk and surface terms in a general class of action 
functionals and provides a deeper insight into several aspects of classical 
gravity which have no explanation in the conventional approach. After 
highlighting a series of unresolved issues in the conventional approach 
to gravity, I show that (i) principle of equivalence, (ii) general covari- 
ance and (iii) a reasonable condition on the variation of the action func- 
tional, suggest a generic Lagrangian for semiclassical gravity of the form 
L = Qj^'^'R^bcd with Vt Qa'""' = 0. The expansion of QJ""' in terms of 
the derivatives of the metric tensor determines the structure of the theory 
uniquely. The zeroth order term gives the Einstein-Hilbert action and 
the first order correction is given by the Gauss-Bonnet action. Any such 
Lagrangian can be decomposed into a surface and bulk terms which are 
related holographically. The equations of motion can be obtained purely 
from a surface term in the gravity sector. Hence the field equations are 
invariant under the transformation Tab Tab + ^Qab and gravity does not 
respond to the changes in the bulk vacuum energy density. The cosmo- 
logical constant arises as an integration constant in this approach. The 
implications are discussed. 



1 Why fix it when it works? 

Any attempt to provide a radically new perspective on gravity requires strong 
and clear motivation, since standard general relativity has been a very successful 
theory. So I will begin by providing the motivation for the alternative approach 
and identifying the ingredients it should have. 

The elegance of general relativistic description of gravity rests on the geo- 
metric structure, which — in turn — is based on the Principle of Equivalence. I 
will interpret the Principle of Equivalence as allowing the description of gravity 
in terms of a metric tensor and a compatible, torsion-free, connection leading 
to the existence of local inertial frames around each event. This determines the 
kinematics of gravity ('how gravity tells matter to move') through the use of 
special relativity in the local inertial frames. 
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Contrast this with the description of dynamics of gravity ('how matter tells 
spacetime to curve') for which we completely lack a similar guiding principle. 
There are several serious issues which crop up when we take a closer look at the 
issue of dynamics of the gravitational field. 

1.1 Lack of foliation independent action functional 

Classical dynamics has to arise from semiclassical limit of quantum gravity 
through the extremisation of the semiclassical action functional. Unfortunately, 
we lack a guiding principle to choose such an action functional! If gab are 
the dynamical variables, the natural zeroth-order action functional should be 
quadratic in the derivatives dg of gat- But Principle of Equivalence — which 
allows us to reduce gat ilab,dcgab in any local region — prevents the 
existence of such a generally covariant action. So, general covariance, combined 
with Principle of Equivalence, forces us to include d^g terms in the action. This 
makes the variational principle ill-defined and demands special treatment. For 
example, Einstein-Hilbcrt Lagrangian Leh oc R has a formal structure 

Leh - {dgf + d'^g = Lbuik + isur (1) 

The surface term obtained by integrating Lsur oc d'^g should be ignored (or, 
more formally, canceled by an extrinsic curvature term; see e.g. to obtain a 
well defined variational derivative that will lead to Einstein's equations. 

So the (covariant) field equations essentially arise from the variation of the 
non-covariant (or foliation dependent) bulk term L^uik oc {dg)'^ — usually called 
the Lagrangian. In classical theory, action principle is only a route to obtain 
the field equations and one might feel that — as long as field equations have the 
required symmetries — we need not worry whether the action principle has the 
correct symmetries. This, however, is a wrong attitude to adopt since classical 
theory is just an approximation to the quantum theory and the form of the 
action functional "off-shell" is important in quantum theory. Hence, one would 
have liked the action functionals — and not just field equations — to have the 
required symmetries. 

This situation is unparalleled in any other theory in physics like e.g in the 
case of Yang-Mills field; the most natural action functional that one would write 
down for gauge theories — integral of the square of the curvature, FabF""^ — 
is both gauge invariant and quadratic in the first derivatives of the dynamical 
variables (which are the connections Ai). In contrast, conventional gravity uses 
metric (rather than connection) as the basic dynamical variable and the action 
is linear in the curvature [and nonpolynomial in the metric due to \/—g factor] 
thereby demanding a rather peculiar treatment of the action functional. 

1.2 Where are the degrees of freedom of gravity located? 

It is quite possible that continuum spacetime is like an clastic solid and using 
gab as a dynamical variable in quantum gravity is like using the density p of 
of a solid as a fundamental variable in trying to obtain the quantum theory 
of solids. One might suspect that some of the difficulties in quantising gravity 
could be due to quantising the wrong action functional based on wrong fun- 
damental variables. Hence identifying the correct action functional based on 
correct dynamical variables is important. 
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In using L^uik of Eq. ^ to obtain the dynamics, we are also assuming tacitly 
that the degrees of freedom are the components of the metric and they reside 
in the spacetime volume V. Such a description in terms of gab may be most 
geometrical but it is highly gauge redundant. Recall that, around any event, 
one can choose a local inertial frame so that L^uik oc (dg)^ vanishes since dg 
vanishes. On the other hand, one cannot make L^ur oc d^g part to vanish by any 
choice of coordinates. (This is most easily seen by evaluating Leh in Riemann 
normal coordinates in which the bulk vanishes and only Lgur contributes to 
Leh)- This suggests that |2] the true degrees of freedom of gravity for a volume 
V, which cannot be eliminated by a gauge choice, reside in its boundary dV and 
contributes only to Lgur around any event. 

1.3 Horizons and the gravitational degrees of freedom 

The existence of horizons is generic in any geometric theory of gravity in which 
light rays are affected by the gravitational field. In any spacetime, there will 
exist families of observers (congruence of timelike curves) who will have access 
to only part of the spacetime. The boundary of the union of causal pasts of 
the observers in a given congruence — which is essentially the boundary of 
the union of backward light cones — will define a causal horizon Ti. for this 
congruence. The well known examples are observers at r — constant> 2M 
in the Schwarzschild spacetime or the uniformly accelerated observers in flat 
spacetime. This causal horizon is dependent on the family of observers that is 
chosen, but is coordinate independent. 

Any class of observers, of course, has an equal right to describe physical 
phenomena entirely in terms of the variables defined in the regions accessible to 
them. The action functional describing gravity, used by these observers (who 
have access to only part of the spacetime) can only depend on variables defined 
on the region accessible to them, including the boundary of this region. Since 
the horizon (and associated boundaries) may exist for some observers (e.g., 
uniformly accelerated observers in flat spacetime, r = constant > 2M observers 
in the Schwarzschild spacetime ...) but not for others (e.g, inertial observers in 
flat spacetime, freely falling observers inside the event horizon, r < 2M, in the 
Schwarzschild spacetime ... ), this introduces a new level of observer dependence 
in the action functional describing the theory. I stress that this view point is 
completely in concordance with what we do in other branches of physics, while 
defining action functionals. The action describing QED at 10 MeV, say, does 
not use degrees of freedom relevant at 10^^ GeV which we have no access to. 
Similarly, if an observer has no access to part of the spacetime, (s)he should 
be able to use an action principle using the variables (s)he can access. We are 
merely translating a well known paradigm in momentum space to coordinate 
space. (Instead of integrating out the UV modes, we now need to integrate out 
the IR modes.) 

The physics of the region blocked by the horizon has to be encoded in a 
boundary term in the action and we again see the importance of surface degrees 
of freedom and surface terms in action. 
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1.4 Gravity-Thermodynamics connection 

The role of surface terms in the action functional, in determining the true degrees 
of freedom, is also strongly supported by the study of horizon entropy, which 
shows that the degrees of freedom hidden by a horizon scales as the area and 
not as the volume. Since any generic spacelike two surface can act as a horizon 
for some class of observers, this again suggests that the gravitational degrees 
of freedom reside in the surface. (For a review of thermodynamics of horizons 
from this perspective, see ref. [H]). 

In the case of spherically symmetric spacetimes with goo — ^/drr = ^/(^) 
this leads to a deep (unexplained) connection between Einstein's equations and 
horizon thermodynamics Suppose that there is a horizon at r = a so that 
f{a) = with the horizon temperature fc^T = he f (a)/ Air determined by, say, 
Euclidean continuation. (We have reintroduced normal units temporarily). The 
Einstein's equation for this metric, (1 — /) — rf'{r) — —{8nG/c^)P (where P is 
the radial pressure), evaluated at r = a gives 



G 



AttPo^ (2) 



If we now consider two solutions with two different radii a and a + da for the 
horizon, then multiplying the Eq. Q by da, and introducing a H factor by hand 
into an otherwise classical equation, we can rewrite it as 

hcfia) ^<^^da_^j4n. 




and read off the expressions: 

^=^(W)^1^; E^^a^^-(^Y' (4) 

where Ah is the horizon area and ip = Gh/c". Thus Einstein's equations can 
be cast as a thermodynamic identity. Two comments are relevant regarding this 
result: 

(a) The combination TdS is completely classical and is independent of h but 
T (X h and S oc 1/h. This is analogous to the situation in classical thermody- 
namics when compared to statistical mechanics. The TdS in thermodynamics 
is independent of Boltzmann's constant while statistical mechanics will lead to 
an S (X ks and T cx l/ks- 

(b) In spite of superficial similarity, Eq. ^ is different from the conventional 
first law of black hole thermodynamics, (as well as some previous attempts to 
relate thermodynamics and gravity, like e.g. the second paper in ref. due 
to the presence of PdV term. This relation is more in tune with the membrane 
paradigm j5j for the blackholes. This is easily seen, for example, in the case 
of Reissner-Nordstrom blackholc for which P ^ Q. If a chargeless particle of 
mass dM is dropped into a Reissner-Nordstrom blackholc, then an elementary 
calculation shows that the energy defined above as, E = a/2 changes by dE — 
{da/2) = (1/2) [a/(a - M)]dM ^ dM while it is dE + PdV which is precisely 
equal to dM making sure TdS — dM. So we need the PdV term to get TdS = 
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dAI when a chargeless particle is dropped into a Reissner-Nordstrom blackhole. 
More generally, if da arises due to changes dM and dQ, it is easy to show that 
Eq. (PJ gives TdS = dM — [Q/a)dQ where the second term arises from the 
electrostatic contribution from the horizon surface charge as expected in the 
membrane paradigm. 

Dynamically, Eq. Q is best interpreted as the energy balance under in- 
finitesimal virtual displacements of the horizon normal to itself. This again 
brings up the issue of surface degrees of freedom and will play a crucial role in 
our ensuing discussions. 

1.5 Gravity's immunity from vacuum energy 

The clearest pointer against the conventional approach to gravity, based on the 
equation Gab — SiirTab, is that we do not see gravitational effects due to vacuum 
energy density shifts of the form Tab — > Tab + ^Qab- Matter sector is invariant 
under shifting L matter by a constant but gravity sector is not! Every phase 
transition in the early universe produces such a change but it does not lead to 
gravitational effects. 

The only way out of this problem — which is logically distinct from standard 
cosmological constant problem, though related — is to change field equations 
IT' such that they are invariant under Tab Tab + ^dab- This is same as 
working with [S] the trace-free part Rab — (l/4)i?gofc = 8TT{Tab — (l/4)T(7ah) 
or, equivalently, with the equations {Gab — &T^Tab) £,"'£,'' — for all null vectors 
Either formulation, when combined with Bianchi identity, leads to Gab — 
STrTab + ^gab with some undetermined integration constant A. The A is no longer 
a term in the equations but is part of the solution — like M in the Schwarzschild 
metric. One is free to choose it differently in different contexts, depending on 
physical situation. 

While this does not "solve" the cosmological constant problem, it changes its 
nature completely because the theory is now invariant under Tab ~^ Tab + ^dab- 
(For a review of the cosmological constant problem from different perspectives, 
see ref. Obviously, the conventional action principle with the gravitational 
degrees of freedom residing in the bulk cannot give raise to this but if we have 
only surface degrees of freedom, it seems plausible that the gravity will be 
unaffected by bulk vacuum energy. In fact, the shift from volume degrees of 
freedom to area degrees of freedom can change 7,10 the effective energy density 
of the vacuum that is coupled to gravity from the gigantic Lp"* to the observed 
value Lp'^{L%/H-^) and can lead to the observed value of the cosmological 
constant. 

1.6 Holography of gravitational action 

Each of the features described above suggests a description of gravity based on 
surface degrees of freedom. Since the discussion in Sec ll. 51 suggests that such an 
approach should lead to the same equations of motion (except for a cosmological 
constant) as derived from the Lbuik , one suspects that the surface and bulk terms 
of a gravitational action must encode the same amount of dynamical content. 
This suspicion is strengthened by the following remarkable relation [210] between 
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the two parts of the Lagrangian in the Einstcin-Hilbert action: 




gL. 



'sur — 



da Qik 



d{da9ik) 



) 



(5) 



Because of the existence of this relation, the transition from Ltuik to Leh = 
Lbuik + Lsur can be thought of as a transition from co-ordinate representation 
to momentum representation. Given any Lq(q,q), we can always construct a 
Lp{q,q,q) which depends on the second derivatives q — but gives the same 
equation of motion — by using 



Keeping 6p — a.t the end points and varying Lp leads to the the same equations 
of motion as keeping Sq = at the end points and varying Lq. In quantum the- 
ory, the path integral with Lp gives the momentum space kernel G{p2,t2;pi,ti) 
just as path integral with Lq gives the co-ordinate space kernel K{q2, ^2; 9i, ^i)- 
Relation of this kind clearly indicates that both L^ur and Lhuik contain the 
same information content. In the conventional approach to gravity, Eq. ^ has 
no simple explanation; it is not clear why the surface and bulk terms should be 
related by Eq. ||SJ) if the total action has to be generally covariant. 

1.7 Lack of a guiding principle to determine semiclassical 
dynamics 

Finally, note that we have no clear guiding principle to determine the action 
functional for gravity, something which we mentioned in Sec ll.ll The situation 
gets worse when we realise that the description in terms of metric is only a low- 
energy effective description. The semiclassical theory is likely to exist in some 
D dimensional spacetime with D > A and quantum corrections will add higher 
order correction terms involving squares of the curvature etc. We desperately 
need a guiding principle or symmetry to determine these higher order terms. 

So the answer to "why fix it while it works?" is that, if you listen carefully, 
you hear creaking noises from the machinery all over the place. 

2 Gravity from the surface degrees of freedom 

I will now describe a paradigm in which all these issues can be successfully 
tackled. After briefly discussing how standard Einstein's theory arises from 
an action functional containing only a surface term I will develop a gen- 
eral frame work for the low energy gravitational action functional which obeys 
principle of equivalence and general covariance. I will show that, under very 
general conditions, such actions have a generic structure, using which one can 
systematically obtain semi classical corrections to classical gravity. When the 
action is expanded in the powers of curvature, one obtains the Einstein- Hilbert 
(EH) action as the unique zero-order term along with Gauss-Bonnet (GB) type 
correction as the unique first-order term [7| I12| . What is probably even more 
remarkable is that all these action junctionals allow a natural, holographically 
dual, description] that is, the action functional can be expressed as a sum of 




(6) 
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bulk and surface terms and the field equations can be obtained either from the 
surface term or from the bulk term. The gauge redundancy of geometric de- 
scription therefore allows all these theories to be described entirely in terms of 
surface degrees of freedom thereby providing — among other things — a new 
backdrop to view the cosmological constant problem. 

I begin with the result (see ref. 11 for details) that it is possible to obtain 
the Einstein equations from an approach which uses only a surface term; we 
do not need the bulk term at all!. In this approach, the action functional is 

Atot = Asur + A,natter = / d^ X V^n^Q a^'^'^td + / ^'^^ V^L^iO, 0) 

(7) 

where Qa'""' = {l/2){-5lg^'^ + S'^g^"). Matter degrees of freedom live in the 
bulk V while the gravity contributes on the boundary dV . (The surface term is 
the same as the surface term Lgur in Einstein-Hilbert action except for a sign- 
flip.) We demand that, whenever the boundary dV has a part TL which is a null 
surface the action should be invariant under (Jg"^ = V"^'' -I- V''^", where is 
the null normal to Ti and is nonzero only on Ti. ^ This leads to Einstein's theory 
with a cosmological constant appearing as an integration constant [71 lll|. Since 
this should hold at every null surface through every event, the field equations 
hold at every event. 

Before proceeding further, let me briefly summarise the derivation of this 
result, based on ref. ^I]. One can show that when the metric changes by 
Sg"-'^ = -I- V''^ ° the two pieces in the action Eq. changes by: 

SA,nau = - [ d^x^WaiT^ey, SA,,,, = -^ f d^x^Waim^') (8) 

The first one arises from the definition of Tab when we use ^ aT^ = which 
arises from the equations of motion for the matter. The second one can be 
obtained from the fact that, the variation of the surface term precisely cancels 
the variation g'^^'SRab- (This idea, in fact, can be trivially generalised to any 
action which can be separated into bulk and surface terms; we will say more 
about this in Sec|21) 

The integration of the divergences in Eq.JHJ over V leads to surface terms 
which contribute only on 7i, since is nonzero only on the horizon. Further, 
since is in the direction of the normal, the demand SAtot = ^ Asm + 5 Ayastttci — 
leads to the result (i?^ - 8T:GTl^)C''^a = 0. Using the fact that is arbitrary 
except for being a null vector, this requires — SnGT^ ~ F{g)5'^, where F 
is an arbitrary function of the metric. Finally, since V aT^ ~ identically, 
^b " -^i9)^b must have identical zero divergence; so F must have the form 
F — (l/2)i? -f- A where R is the scalar curvature and A is an undetermined 
integration constant. The resulting equation is 

R'i~ {1/2)R5'^ + A6^ ^SttGTI^ (9) 

which is identical to Einstein's equation with an undetermined integration con- 
stant. Since this should hold for the virtual displacements of every null surface 

^As far as gravity is concerned, this can be thought of as arising due to virtual displacements 
of this horizon normal to itself. But note that in the matter lagrangian we are only varying 
= VC'' -I- V''^" and not the matter fields <j). In the case of a genuine active coordinate 
transformation, even matter fields will change, which is not the case we are considering. We 
merely demand SAtot = for a particular type of variation Sgab keeping everything else fixed. 
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Ti through every event (which wiU be a horizon to some congruence C), the field 
equations hold at every event. 

This formalism ties up neatly with each of the issues raised in the last Section 
which are worth stressing: 

• We now have a formalism in which gravity contributes on the boundary 
rather than in the bulk (Sec. II. 2|) . It leads to the same equations as the 
bulk description essentially because of the holographic identity (Sec. I1.6|l . 

• The surface term of gravitational action principle has a clear thermody- 
namic interpretation: Asur is directly related to the (observer dependent 
horizon) entropy. For example, if we choose a local Rindler frame near 
the horizon with the Euclidean continuation for the metric: 



then horizon maps to the origin and the region outside the horizon cor- 
responds to iV > 0. This fits with our idea that observers with a hori- 
zon should only use regions and variables accessible to them fSec ll.3|l . 
The surface term can now be computed by integrating over the surface 
= e,0 < r < 27r/K and taking the limit e — > 0. The unit normal is 
M° = k(0, 1, 0, 0) and K = -Vau" so that: 



where A±_ is the area in the transverse directions. Since the surface con- 
tribution is due to the existence of an inaccessible region we can identify 
(—Asur) with an entropy. 

• The variation of the surface term, when the horizon is moved infinitesi- 
mally, is equivalent to the change in the entropy dS due to virtual work. 
The variation of the matter term contributes the PdV and dE terms and 
the entire variational principle is equivalent to the thermodynamic iden- 
tity TdS = dE + PdV applied to the changes when a horizon undergoes 
a virtual displacement. This is exactly what we anticipated in Sec. H1.4|l . 

• The semiclassical theory will depend on the wave functional expiAsu^, 
rather than on A^ur- Foliation independence of this semiclassical limit is 
ensured if we demand that exp lAsur — exp 27rin. This immediately leads 
to area quantization law: Ai_ = {8TrL'j,)n. Such results have been around 
for some time now in different approaches to quantum gravity. 

• Finally, the virtual displacements of horizon normal to itself, actually leads 
to the equation {Gab — 8TTTab) — for all null vectors Again, this 
is what we needed to make the theory invariant under the transformation 
Tab Tab + A(7af, to reformulate the cosmological constant problem (Sec. 



Since this approach has brought to center-stage the surface term, it is worth 
pointing out an important property of this term. In a general gauge, the Lg^r 
of the Einstein-Hilbert action has the form: 



ds% w N^dT^ + dN^/K^ + dL\ 



(10) 




(11) 




(12) 
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Consider now the linear approximation to Einstein gravity around flat spacetime 
("graviton in flat spacetime") obtained by taking gab = rjab + Iphab with Pp — 
SttG. (The dimension of hab is 1/i as expected.) Then the Hilbert action has 
the structure: 



~9Leh = ^V^R - ^[(^ff)' + ^'.9] = ^{dhf + —d'h (13) 



We see that the surface term is non-perturbative in Ip in the "graviton" picture! 
It follows that staring from quadratic spin-2 action and iterating to all orders 
in the coupling constant Ip can never lead to a term which is non-analytic in 
Ip. So such an iteration can only lead to Lb^ik and not to Lg^r or to Leh- The 
claim, sometimes made in the literature, that the Einstein-Hilbert action can be 
obtained by starting from the action functional for spin-2 graviton, coupling it 
to its own stress tensor and iterating the process to all orders, is incorrect (for 
more details, see [6 ). Also note that the surface term at linear order 



^ dadbiv'^'hl-h-"] (14) 



is invariant under the linear gauge transformations hab hab + da£,b + db£,a- 
However, the exact form of L^ur in Eq. H12I) is not generally covariant. One 
might (incorrectly) think of general coordinate transformations as arising from 
the "exponentiation" of infnitesimal co-ordinate transformations and it is some- 
times (incorrectly) claimed that if a term is gauge invariant in the linear order, 
it will be generally covariant in the exact theory. The Lgur is a concrete coun- 
terexample. There is more to gravity than gravitons. 

To understand the nature of the action principle based on the surface term, 
it is worth exploring whether such a formulation is possible for other theories, 
say, U{1) gauge theory. The usual action is: 

Lstd^--^F,jF'^ +Lra (15) 

Varying Aj will give the Maxwell's equations daF"''' = —AttJ'^ if we assume that 
{F^-^SAbUa) = on the boundary. Curiously enough, one can also get the same 
Maxwell's equations from the pure boundary action: 



A 



NEW 



/ d^'x naiF''''Ab) + f d^xL^ (16) 



if we demand 5 Anew is zero for the gauge transformations Ai Ai + dif. The 
surface term in Eq. H16|l is indeed the holographic dual of the bulk term (i.e., 
obtained by the relation in Eq. (Ol) and the gauge transformations, under which 
we demand invariance, is analogous to the coordinate shifts x'^ ^ x"" + £,°'{x) 
used in the case of gravity. However, the similarity ends there. The surface term 
in Eq. H16() has no natural interpretation and is introduced rather arbitrarily. 
(This is because, unlike in gravity, the original action does not have second 
derivatives.) Needless to say, there is no thermodynamic analogue or blocking 
of information. 

We shall now explore the last issue raised in Sec. (|1.7|) to see why the formal- 
ism works and how it can be further generalised. 
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3 Holographic structure of Semiclassical Action 
for Gravity 

There is actually a deep reason as to why this works, which goes beyond the Ein- 
stein's theory. Similar results exists for a wide class of covariant theories based 
on principle of equivalence, in which the gravity is described by a metric tensor 
gab- Let me briefly describe the general setting from which this thermodynamic 
picture arises 0. 

Consider a (generalized) theory of gravity in D-dimensions based on a gen- 
erally covariant scalar Lagrangian L[g°'^, ^""bcdl which is a functional of the 
metric 17°'' and curvature R^^i,^^ and its covariant derivatives. Instead of treat- 
ing [g"'', 9c(?°'', c^dC^cff"''] as the independent variables, it is convenient to use 
[g''^ i^ki,R°'bcd\ ^ independent variables. The curvature tensor i?"^^^; can 
be expressed entirely in terms of F^.^ and djr\i and is independent of g"^. To 
investigate the general ( "off-shell" ) structure of the theory, let us note that any 
scalar which depends on R°'i,^ii can be written in the form L — Q J"^"^ R'^ bed with 
the tensor Qa"^ depending on curvature and metric. (For example, any function 
L can be written trivially as L = Qj^^^R^bcd with Qj""^ = {L/2R){5lg'"^-Sig'"') 
but, of course, other choices of Qj"^'^ can also lead to the same L.) Varying the 
action functional will give, 

6A = 6 [ d^x^L^ ( d^xy/^EabSg"'' + [ d^xy/^VjSv^ (17) 
Jv Jv Jv 

where P^^"'^ = (9L/9i?Vd) and 



Eab = ( ^iP^ - 2V^V'"V"P,™„b ) (18) 



and 

5v' = [2P'''^''{Vb8gdi) ' 25gd^{V,P'=^'')] (19) 

This result is completely general. In 5 A in Eq. (|17|l . the second term will lead to 
a surface contribution. To have a good variational principle leading to the result 
j^ab _ j]2a,tter source terms, we need to assume that riaSv"" = on dV where Ua 
is the normal to the boundary. In general this requires a particular combination 
of the "coordinates" [gab] and the "momenta" [Vci5(?ab] to vanish and we need 
to put conditions on both the dynamical variables and their derivatives on the 
boundary. It is more reasonable (especially in a quantum theory) to choose 
either the variations of coordinates or those of momenta to vanish rather than 
a linear combination. It is clear from Eq. H17() that this requires the condition 
V a{dL/dRj"^'^) = 0. When Q'^^'^'^ is a polynomial in the curvature tensor (or, 
more generally, has a Taylor series expansion in the curvature tensor), we can 
instead use the condition: VcQ*-''^'' = Because of the symmetries, this implies 
that Q"-^"'^ is diver gence-free in all indices. With this motivation, we shall 
hereafter confine our attention to Lagrangians of the form: 

L = Qa^^^'R^cd-, ^cQ''^' - (20) 

This may be thought of as a basic postulate on the form of the action. 

To proceed further, it is useful to work with a a set of tetrads e^'^^x where 
k = 0,1, ...,Z? identifies the vector and c indicates the component. The dual 
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basis is given by ef^ with ef^el^i,^ = S^. Writing R"^^^ = ef^^^t^a] ^Ik) ^'^'^ 
Lagrangian becomes 

= V, {2Qf''^ Va el,)) - (v, e^-^) (v, ef,)) (21) 



where we have done an integration by parts and used VbQc'^'"^ = 0. In a 

(k) I 

coordinate basis with e^^^ = (5^, Va e^f.^ = V^^., e)^ = — r^'^ it reduces to the 
form: 

V^L = 2d, W^Q^'^'^Tl,] + 2V^Q„''^'^r3ferL ^ isur + Lbuik (22) 



[More geometrically, writing 7?,°{, = (l/2!)i?''j^^ A w'' in terms of the basis 
one forms w"" , introducing a corresponding two form for Qatcd with Q"^ = 
(l/2!)QVd^'' ^ w^"* and using 7^"^ = dT'^^ + T"^^ A T'^b where r\ are the 
curvature two forms, we can write the Lagrangian as 

i = * A 7^^ - * Q\ A {dT\ +T\AT\)^d{^Q\Ar\)+^Q\A r", A F^, 

(23) 

provided the Q"^ satisfies the condition: d (* Q'^j,) = corresponding to ^cQj"^'^ = 
0. The separation between bulk and surface terms is obvious. All these can, of 
course, be obtained by standard index gymnastics.] 

This result in Eq. H22I) shows that any such gravitational Lagrangian, built 
from metric and curvature, has a separation into a surface term and bulk term in 
a natural but non covariant manner. Ignoring the surface term, one can obtain 
the same covariant equations of motion Eab — Tab even from a non covariant 
bulk Lagrangian, Lbuik- What is more, there is a striking holographic relation 
between the surface and bulk terms in the Lagrangian in Eq. H21|l . It is easy to 
see that 

(fc) ^-^bulk 



Lsui — ~2^^ 



e'f> (24) 

This is the same as the holographic identity in Eq. ^ in terms of the tetrads 
as the basic variables (see ref. [7j, section 5 for more details). This remark- 
able result, for a generic action functional in Eq. (|22|l makes all such actions 
intrinsically holographic with the surface term containing an equivalent amount 
of information as the bulk. We mentioned earlier (Sec. I1.6|l that the bulk and 
surface terms of Einstein-Hilbert action are related by this identity. The cur- 
rent result shows that this is very general and is based only on the principle 
of equivalence (which allows the gravity to be described by a metric), general 
covariance (which fixes the generic form of the action) and demand WaQ"''"''^ = 
(which is related to the existence of a well defined variational principle). 

Everything else goes through as before and it is possible to reformulate the 
theory retaining only the surface term for the gravity sector as in the case 
of Einstein gravity. The derivation given in ref. [H] (especially Eqs. 7 to 
9) for Einstein-Hilbert action is easily generalisable for the general case when 
V aQ""^"^ = 0. (For a related but alternative approach, see ref. JS!-) If one 
considers the infinitesimal virtual displacement x"" ^ x"" + of the horizon, 
and use the fact that any scalar density changes by S{y/—gS) = —\^~g'^a{S^"') 
one can obtain two key results: First is the identity V aE°'^ — which is just 
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the generalization of Bianchi identity. Second, if we consider an action principle 
with based on {Am + Ag) where Am is the matter action and As is the action 
obtained from —Lsur (exactly as we did in the case of Einstein-Hilbert action; 
see discussion around Eq. Q) then, for variations that arise from displacement 
of a horizon normal to itself, one gets the equation {Eab — ^Taf,)^''^" — where 

is null. Combined with identity V aE°'^ = this will lead to standard field 
equations with a cosmological term Eab ~ (l/2)Tab + Agab just as in the case of 
Einstein-Hilbert action 

Since the basic equations are [Eab — \Tab)S!'i°' = 0, with being any null 
vector, the addition of a cosmological constant — by the change Tab Tab + 
J^gab — leaves the equations invariant. Gravity ignores the hulk vacuum energy 
density! When generalised Bianchi identity is used, once again the cosmological 
constant arises only as an integration constant; but then, it can be set to any 
value as a feature of the solution to the field equations in a given physical 
context. (It has a status similar to the mass M in the Schwarzschild metric). 
This provides a basic reason for ignoring the bulk cosmological constant and its 
changes during various phase transitions in the universe. When coupled to the 
thermodynamic paradigm, which suggests that in the presence of a horizon we 
should work with the degrees of freedom confined by the horizon, it is possible 
to predict the value of this integration constant [3 El ■ 

Let us now consider the explicit form of divergence-free fourth rank tensor 
Qbcd^ having the symmetries of the curvature tensor, which determines the 
structure of the theory. The semiclassical, low energy, action for gravity can 
now be determined from the derivative expansion of Qa'^'^ in powers of number 
of derivatives: 

(0) (1) (2) 

Qa''\g, R) - Qa^^'^g) + « Qa'\g, R)+P Qa"\g, i?, Vi?) + • • • (25) 

where a, • • • are coupling constants. We will treat the expansion in terms 
of the number of derivatives as giving the quantum corrections to the classical 
theory. To determine the first term, say, we only need to obtain all the possible 
fourth rank tensors Q"'"^'* which (i) have the symmetries of curvature tensor; 
(b) are divergence- free and (iii) are made from g""^] similarly, to obtain the next 
term, we allow the tensor Q"-^'^'^ to depend on and -R^^cd Interestingly 
enough, at the first two orders, this leads to all the gravitational theories (in 
D dimensions) in which the field equations are no higher than second degree, 
though we did not demand that explicitly. 

To see this, let us note that if we do not use the curvature tensor, then we 
have just one unique choice for zeroth order, made from metric: 

(0) 1 

Q a"" ^ .^{^Ig'" ~ ^ig"^) (26) 

which satisfies our constraints. When Q^^"^ is built from metric alone, Eq. 122|l 
becomes 

y^L = 5, [V~g{g"'nd - s'TgJ] + ^g{g'"'nAa ~ g'^KAc) (27) 

which is precisely the bulk-surface decomposition for Einstein-Hilbert action. 

^The Q°-^'^'^ for the Einstein-Hilbert case is closely related to the superpotential for energy 
momentum pseudotensor for gravity. In fact, in the locally inertial frame, one can re-express 
L = Q'''""^Rabad ~ Q'''"'''dadc9bd in terms of L^^d ~ gtddadcQ"''"''' ~ gw*'"' where is the 
gravitational energy momentum pseudotensor. 
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Next, if we allow for Qj"''^ to depend linearly on curvature, then we have 
the following additional choice of tensor with required symmetries: 

(1) 

Q abed = Rated — GacQbd + GbeQad + RadQbc — RbdQac (28) 

(In four dimensions, this tensor is essentially the double-dual of Rated and in 
any dimension can be obtained from Rated using the alternating tensor |14j.) In 
this case, we get 

L = l{9^ag''9'"'9'''-^9^ag''V'9'' + s:S^g'"'g'')R',uR\ed 

= ^ [R'''"' Rated -^R""' Rat + R^] (29) 

This is just the Gauss-Bonnet(GB) action which is a pure divergence in 4 di- 
mensions but not in higher dimensions. 

The unified procedure for deriving Einstein-Hilbert action and GB action 
shows that they are more closely related to each other than previously sus- 
pected. The fact |15j that string theoretical models get GB type terms as cor- 
rections is noteworthy in this regard. We can similarly determine the higher 
order corrections. More generally, one can construct the Lagrangian as a sum of 
terms, each of which is a homogeneous function of degree m which are divergent- 
free. This leads one to the Lovelock Lagrangian Also note that, as long 
as the higher order quantum gravitational corrections are determined by the 
holographic principles, the higher orders terms will all respect the invariance 
of the theory under Tat Tat + Xgat and the cosmological constant will con- 
tinue to remain an integration constant even when quantum corrections are 
incorporated. 



4 Conclusions 

I have taken a rather deductive approach in the above discussion, raising a set of 
issues related to conventional approach to gravity and showing how they lead to 
a new perspective based on surface degrees of freedom. The natural description 
incorporating this perspective leads to results which go beyond the conventional 
Einstein gravity, and provides a handle on the semiclassical corrections. In this 
last section, it is useful to take a complementary inductive path and (necessarily) 
speculate on the broader picture. 

Such a broader picture is clearly the one in which the continuum spacetime 
is like an elastic solid ('Sakharov paradigm'; see e.g. ref. with Einstein's 

equations providing the macroscopic description. In this approach, the full 
theory has some microscopic variables qi and an action Amicroili) ■ Integrating 
out short wavelength fluctuations and microscopic degrees of freedom should 
lead to a long wavelength effective action, which should be a pure surface term, 
obtained in Eq. f^ : 

^ exp{-Araiero) oc exp{-Asur) oc cxp ^-2 J d^^^x./^ n^Qa^'^Vl^ 

(30) 

as well as bring about gat as the new dynamical variables in terms of which the 
effective action is described. This suggests that the effective low energy degrees 
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of freedom of gravity for a volume V reside in its boundary dV — a point of 
view that is strongly supported by the study of horizon entropy, which shows 
that the degrees of freedom hidden by a horizon scales as the area and not as 
the volume. 

In this description gab is like the density p of a solid arising from large 
number of atoms and is not a fundamental dynamical variable. It does not 
make sense to vary the gab in this action. Instead, the (covariant) equations of 
motion are obtained by demanding the invariance of the (noncovariant) surface 
action A^ur in Eq- (EOJ, under virtual displacements of any (observer dependent) 
horizon normal to itself. This might seem unusual at first but, as I explained in 
Sec ll.4l it arises from the thermodynamic interpretation of (observer dependent) 
horizons. The discussion in Sections il.ll to n~^ as well as in Sec ll.Gl clearlv points 
to such a "surface-based" approach and all the issues raised there get a natural 
interpretation in this approach. In the displacement x"' ^ x"" — x"" + the 
^"(x) is similar to the displacement vector field used, for example, in the study 
of elastic solids. The true degrees of freedom are some unknown 'atoms of 
spacetime' but in the continuum limit, the displacement x"" x°' = x'^ + £,°'{x) 
captures the relevant dynamics, just like in the study of elastic properties of 
the continuum solid. In fact, one can reformulate the Einstein gravity in terms 
of the dynamics of a null vector field in a background spacetime ^H]- The 
horizons in the spacetime are then similar to defects in the solid so that their 
displacement costs entropy. 

The approach also leads to two new insights, which one could not have been 
anticipated a priori. 

(1) The surface action leads in a natural fashion to equations {Eab~Tab)£,°'£}' — 
for all null vectors These equations of motion are now invariant under the 
changes to the vacuum energy Tab Tab + ^dab and we have a natural solution 
to the cosmological constant problem. Note that, this approach, unlike many 
others, can handle the changes to the vacuum energy density arising due to 
phase transitions in the early universe. The observed cosmological constant can 
be interpreted fTQ] as arising due to the vacuum fluctuations in a region con- 
fined by the horizon and — in that sense — is coupled to the surface degrees of 
freedom of gravity. 

(2) The effective action in Eq. H3U|I can be expanded in terms of number of 
derivatives and the low energy effective action for gravity is then determined by 
the derivative expansion of Qa'^'^ in powers of number of derivatives, given by 
Eq. 113): 

/ r (0) (1) \ 

e-^-cxexp(-2 j d^-'x^^ n,[Q a'^'ig) + ^ Q a'^^id, R) + ■ ■ -ndj 

(31) 

The first term is the surface term corresponding Einstein-Hilbert action and the 
second one leads to the Gauss-Bonnet action; this (as well as higher order terms) 
have a natural interpretation of being a quantum correction in this approach. 

^This is easily seen from Eq. I21i in which can be thought of as describing the 

Ik) 

dynamics of four vector fields with fc = 0, 1, 2, 3. If one of them, say fc = 0, is a null 

vector = e^Qj then the Lagrangian for this vector, on using Eq. 1261 . becomes -Ltnifc oc 

[VaC"V6$'' - VaC^'Vb^"]. This is what I used in ref. Elli without the null condition, to 
translate the dynamics of Einstein gravity to the dynamics of a vector displacement field. 
The collective dynamics of all null surfaces leads to the standard Einstein gravity. 
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We also have a general principle for determining the correction terms (by con- 
structing the divergence free tensor Qj"^'^ from variables with right number of 
derivatives) and constraining the structure of underlying theory. It is worth 
recalling that such a Gauss-Bonnet term arises as the correction in string the- 
ories Pnj. The thermodynamic interpretation (which is on-shell) as well as the 
holographic description (which is off-shell) are also applicable to quantum cor- 
rections to the Einstein-Hilbert Lagrangian. The invariance of the theory under 
Tab — > Tab + ^9ab continues to hold for the higher order terms as well suggest- 
ing that the mechanism for ignoring the bulk cosmological constant is likely to 
survive quantum gravitational corrections. 
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